Abstract. Recall that a topological group G is: (a) σ-compact if G = {Kn : n ∈ N} where each Kn is compact, and (b) compactly generated if G is algebraically generated by some compact subset of G. Compactly generated groups are σ-compact, but the converse is not true: every countable nonfinitely generated discrete group (for example, the group of rational numbers or the free (Abelian) group with a countable infinite set of generators) is a counterexample. We prove that a metric group G is compactly generated if and only if G is σ-compact and for every open subgroup H of G there exists a finite set F such that F ∪ H algebraically generates G. As a corollary, we obtain that a σ-compact metric group G is compactly generated provided that one of the following conditions holds: (i) G has no proper open subgroups, (ii) G is dense in some connected group (in particular, if G is connected itself), (iii) G is totally bounded (= subgroup of a compact group). Our second major result states that a countable metric group is compactly generated if and only if it can be generated by a sequence converging to its identity element (eventually constant sequences are not excluded here). Therefore, a countable metric group G can be generated by a (possibly eventually constant) sequence converging to its identity element in each of the cases (i), (ii) and (iii) above. Examples demonstrating that various conditions cannot be omitted or relaxed are constructed. In particular, we exhibit a countable totally bounded group which is not compactly generated.
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If G is a group and X ⊆ G, then we use X to denote the smallest subgroup of G which contains X. A set X algebraically generates G if G = X . Recall that a topological group G is:
n ∈ N} where each K n is compact, and (ii) compactly generated if G = K for some compact subset K of G.
Obviously, each compactly generated group is σ-compact. The converse is not true in general: any countable nonfinitely generated discrete group (for example, the group of rational numbers or the free (Abelian) group with a countable infinite set of generators) is a counterexample. However, Pestov [15] established that every σ-compact topological group is topologically isomorphic to a closed subgroup of some compactly generated group.
The primary goal of this paper is to give a characterization of metric groups which are compactly generated (Corollary 11). It follows from our characterization that both connected and totally bounded σ-compact metric groups are compactly generated (Corollaries 15 and 16). We also show in Theorem 17 that a countable metric group is compactly generated if and only if it can be generated by a sequence converging to its identity element (eventually constant sequences are not excluded here).
Preliminaries
We start by stating explicitly a folklore fact which will be used in our proofs: Lemma 1. Let {U n : n ∈ N} be a local base at point e of a topological space G such that U n+1 ⊆ U n for all n. Suppose that {L n : n ∈ N} is a sequence of subsets of G such that: 
where the last inclusion follows from the continuity of multiplication in G . Therefore,
where the last equality is based on the fact that H is closed in G, being an open subgroup of G [10, Ch. II, Theorem 5.5] Proof. An open subgroup of a topological group is also closed [10, Ch. II, Theorem 5.5], and so a connected group cannot have proper open subgroups. Now the result follows from Lemma 2.
By [10, (7.9 )] a locally bounded group (that is, a subgroup of a locally compact group) without proper open subgroups is a dense subgroup of a connected group, namely its completion. The converse of Corollary 3, however, does not hold in general. Indeed, Stevens [18] gave an example of a totally disconnected complete metric group G without proper open subgroups. Since complete metric groups are closed in every group in which they are embedded, it follows that G is not isomorphic to a dense subgroup of any connected topological group.
Results for metric groups
Theorem 4. If a σ-compact metric group G contains a dense compactly generated subgroup, then G itself is compactly generated.
Proof. Let H be a dense subgroup of G which is generated by some compact set E. Since G is metric, we can choose a local base {U n : n ∈ N} at e consisting of symmetric neigbourhoods of e such that U n+1 ⊆ U n for each n. Since G is σ-compact, there exists a sequence {K n : n ∈ N} of compact subsets of G with G = {K n : n ∈ N}. Since H is dense in G, we have HU n = G for all n ∈ N. So for each n ∈ N there exists a finite subset
Since both E and L are compact, so is E ∪ L. Therefore, G is compactly generated.
Corollary 5.
A σ-compact metric group which contains a dense finitely generated subgroup is compactly generated.
Proposition 6. For a topological group G the following conditions are equivalent: (i) for every nonempty open subset
V of G there is a finite subset F of G such that G = F ∪ V , (ii) for every open subgroup H of G there is a finite subset F of G such that G = F ∪ H .
Proof. The implication (i) → (ii) is obvious, so it remains only to prove that (ii) implies (i). Assume that (ii) holds and let V be a nonempty open subset of G.
Then H = V is an open subgroup of G, and so by (ii) there exists a finite set
Definition 7.
We will say that a topological group G is finitely generated modulo open sets provided that G satisfies one of the equivalent conditions of Proposition 6.
Our next theorem establishes a simple necessary condition for a topological group to be compactly generated.
Theorem 8. If a topological group G is compactly generated, then it is finitely generated modulo open sets.
Proof. Suppose that G is generated by a compact set K. Let H be an open subgroup of G. Then H = {gH : g ∈ G} is an open covering of G. Some finitely many classes, say a 1 H, . . . ,a n H, must cover K. Now note that G = F ∪ H , where F = {a 1 , . . . , a n }.
Theorem 9. Let G be a metric group and let D be a countable subset of G. Assume that G is finitely generated modulo open sets. Then G contains a (possibly eventually constant) sequence S converging to the identity e of G such that D ⊆ S .
Proof. Let D = {d n : n ∈ N} be an enumeration of D, and let {V n : n ∈ N} be a local base at e such that
If V is a nonempty open subset of G, then V is an open subgroup of G. Therefore, by the hypothesis of our theorem we can fix, for each n ∈ N, a finite set
By induction on n we will define a sequence {E n : n ∈ N} of finite subsets of G with the following properties:
To begin, note that the set E 0 = F 0 ∪ {d 0 } satisfies all three conditions (i 0 )-(iii 0 ). Suppose that we have already defined finite sets
and since the set F n is finite, we can find a finite set E n ⊆ V n such that
An easy check that (i n )-(iii n ) are satisfied is left to the reader.
From Lemma 1 and all (i n ) it follows that the set S = {E n : n ∈ N} forms a sequence converging to e. Finally, note that, by (iii n ) for all n, D ⊆ S . 
Since G is σ-compact and metric, G is separable. Let D be any countable dense subset of G. Applying Theorem 9 we conclude that G has a dense compactly generated subgroup. Theorem 4 now guarantees that G itself is compactly generated.
Corollary 11. A metric group G is compactly generated if and only if G is σ-compact and finitely generated modulo open sets.

Corollary 12. An Abelian metric group G is compactly generated if and only if G is σ-compact and all discrete quotient groups of G are finitely generated.
Now we proceed with describing particular classes of topological groups which are compactly generated.
A topological group without proper open subgroups trivially satisfies condition (ii) of Proposition 6 so from Corollary 11 we get
Corollary 13. A σ-compact metric group without proper open subgroups is compactly generated.
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Combining Corollaries 3 and 13 one gets:
Corollary 14. A σ-compact dense subgroup of a connected metric group is compactly generated.
It is easy to see that a topological group is dense in some connected group if and only if its completion with respect to the two-sided uniformity is connected.
It seems that even the following special case of Corollary 14 is new:
Corollary 15. A σ-compact connected metric group is compactly generated.
Recall that a topological group G is totally bounded if G is a subgroup of some compact group, or equivalently, if the completion of G with respect to the (left, right or two-sided) group uniformity is compact [19] . An internal characterization of totally bounded groups says that a topological group G is totally bounded iff for every open neighbourhood V of the identity element of G there exists a finite set F ⊆ G with G = F V [19] . It easily follows from this characterization that totally bounded groups satisfy condition (ii) of Proposition 6, and thus totally bounded groups are finitely generated modulo open sets. Therefore from Theorem 10 we obtain the following
Corollary 16. A σ-compact totally bounded metric group is compactly generated.
Specific results for countable metric groups
Let G be a topological group and e its identity element. A sequence converging to e is a map s : N → G defined on the set N of natural numbers such that for every open set U which contains e there exists n ∈ N with s(m) ∈ U for all m ≥ n. In this section we take the liberty to identify a sequence s : N → G with its image S = {s(n) : n ∈ N}. In particular, we will say that a topological group G is algebraically generated by a sequence converging to its identity element if there exists a sequence s : N → G converging to the identity element e of G such that its image S = {s(n) : n ∈ N} algebraically generates G.
It is worth emphasizing that our definition does not exclude eventually constant sequences. In particular, a finitely generated topological group is algebraically generated by a (eventually constant) sequence converging to its identity element.
With this terminology in mind, our main result in this section is the following
Theorem 17. A countable metric group is compactly generated if and only if it is algebraically generated by a sequence converging to its identity element. (Eventually constant sequences are not excluded here.)
Proof. Since (the image of) a convergent sequence is compact, it suffices only to prove that a countable compactly generated metric group G can be algebraically generated by a sequence converging to the identity element e of G. Since G is compactly generated, from Theorem 8 it follows that for every open subgroup H of G there exists a finite set F such that F ∪ H algebraically generates G. Now all the assumptions of Theorem 9 are satisfied with D = G. Applying this theorem we can find a sequence S converging to e with G = S .
Corollary 18. A countable metric group without proper open subgroups is generated by a (possibly eventually constant) sequence converging to its identity element.
Corollary 19. A countable dense subgroup of a connected metric group is generated by a (possibly eventually constant) sequence converging to its identity element.
Corollary 20. A countable totally bounded metric group is generated by a (possibly eventually constant) sequence converging to its identity element.
It may be worth comparing the above three corollaries with the following result from [4, 2.2 and 2.3]: Every countable Hausdorff group G has a closed (in G) discrete subset of G \ {1 G } that algebraically generates G (here 1 G is the identity element of G).
What happens in the nonmetric case?
In this section we will demonstrate that metrizability of the group is essential in most of our results.
We will use A(X) to denote the free Abelian topological group of a Tychonoff space X [12] , [13] (see also [10, Ch. II, §8]), and G(X) will be used to denote the subgroup of A(X) consisting of all words
We first prove two general, albeit technical, facts about free Abelian topological groups.
Lemma 21. If a nonempty space X is σ-compact, separable and connected, then so is G(X).
Proof.
1 Let Z be the set of integers, and for each k ∈ N define
Since X is σ-compact, separable and connected, so are X k and P (n 1 , . . . , n k ) because the latter space is a continuous image of X k . Clearly,
Since the number of summands is at most countable, it follows that G(X) is σ-compact and separable. To conclude that G(X) is connected, it suffices to notice that 0 ∈ P (n 1 , . . . , n k ) for k ∈ N and (n 1 , . . . , n k ) ∈ S k . Indeed, if x ∈ X (such an x exists since X is nonempty), then
Lemma 22. Assume that X is a noncompact metric space and Y is a dense subset of X. Let H = G(X) ∩ Y . Then no compactly generated subgroup of H is dense in H.
Proof. Assume now that H is a subgroup of H algebraically generated by its compact subset K . Then there exists a compact subset Example 23. There exists a separable, connected σ-compact Abelian group G such that no compactly generated subgroup of G is dense in G. In particular, G itself is not compactly generated.
Proof. Let R be the space of real numbers with its usual metric topology. Take G(R) as G.
From Lemma 21 it follows that G is separable, σ-compact and connected. Taking X = Y = R in Lemma 22, we conclude that G contains no dense compactly generated subgroup.
Our next example shows that "metric" is essential in Theorem 9 and Corollaries 18 and 19.
Example 24. There exists a countable dense subgroup H of a connected (σ-compact Abelian) group such that no compactly generated subgroup of H is dense in H. In particular, H itself is not compactly generated.
Proof. Let X = R, Y = Q, where R is the space of real numbers with its usual metric topology and Q is its subspace consisting of rational numbers. Let H be the group defined in Lemma 22. Obviously, H is countable. Furthermore, H is easily seen to be dense in G(X). By Lemma 21 G(X) is σ-compact and connected.
From Lemma 22 it follows that H contains no dense compactly generated subgroups.
For an Abelian group G (without any topology) let G # denote the group G equipped with the maximal totally bounded (Hausdorff) group topology (see [3] or [5] for the definition of this topology and the proof of its existence).
Lemma 25. For every Abelian group G, the group G
# is compactly generated if and only if G is (algebraically) finitely generated.
Proof. We may assume, without loss of generality, that G is infinite. All compact subsets of G # are finite. 3 So if G # is compactly generated, it must be finitely generated. C(A(X) ). The authors would like to thank Oleg Okunev and Vladimir Pestov for providing the information contained in this footnote.
3 This was proven for the first time in [11] and then later reproven in [6, (1.3) ]. The result also immediately follows from a much stronger fact that every infinite subset of G # contains an infinite closed and relatively discrete subset [9] . 4 The referee has kindly suggested that the following comment should be added to our manuscript: "We used above the fact that G # has only finite compact sets. This is a particular case Our next theorem demonstrates that "metric" cannot be omitted from Corollaries 16 and 20. Recall that a group G is divisible if for every natural number n and each element g ∈ G there exists h ∈ G so that g = h n . 
